This is a collection of example computations that are cited in the Appendix of [DNT]. In each case, the aim is to show that the extension of a given finite simple group by an elementary abelian group of given rank has the property that not all complex irreducible characters of the same degree are Galois conjugate.
11 For the computations, we need some Brauer character tables from [JLPW95] , some generating matrices from [WWT + ], and some functions from the GAP system [GAP12] and its packages AtlasRep [WPN + 11], cohomolo [Hol08] , CTblLib [Bre12] , and TomLib [NMP11] . First we load the necessary GAP packages.
gap> LoadPackage( "AtlasRep", "1.5" ); true gap> LoadPackage( "cohomolo", "1.6" ); true gap> LoadPackage( "CTblLib", "1.2" ); true gap> LoadPackage( "TomLib", "1.2.1" ); true 1 G/N ∼ = Sz(8) and |N | = 2
12
The group S = Sz(8) has exactly one irreducible 12-dimensional module over the field with two elements, up to isomorphism. This module can be obtained from any of the three absolutely irreducible 4-dimensional S-modules in characteristic two, by regarding it as a module over the prime field F2. A = E(7)^2+E(7)^3+E(7)^4+E(7)^5 B = E(7)+E(7)^2+E(7)^5+E(7)^6 C = E(7)+E(7)^3+E(7)^4+E(7)^6 D = E(13)+E(13)^5+E(13)^8+E(13)^12 E = E(13)^4+E(13)^6+E(13)^7+E(13)^9 F = E(13)^2+E(13)^3+E(13)^10+E(13)^11 gap> List( irr, x -> SizeOfFieldOfDefinition( x, p ) ); [ 2, 8, 8, 8 ] First we construct the 12-dimensional irreducible representation of S over F2, using that the Atlas of Group Representations provides matrix generators for S in the 4-dimensional representation over F8.
gap> info:= OneAtlasGeneratingSetInfo( "Sz(8)", Dimension, 4, > Characteristic, p ); rec( charactername := "4a", dim := 4, groupname := "Sz(8)", id := "a", identifier := [ "Sz(8)", [ "Sz8G1-f8r4aB0.m1", "Sz8G1-f8r4aB0.m2" ], 1, 8 ], repname := "Sz8G1-f8r4aB0", repnr := 17, ring := GF(2^3), size := 29120, standardization := 1, type := "matff" ) gap> gens_dim4:= AtlasGenerators( info ).generators;; gap> b:= Basis( GF(8) );; gap> gens_dim12:= List( gens_dim4, x -> BlownUpMatrix( b, x ) );;
We claim that any extension of S with the given module splits. gap> s:= AtlasGroup( "Sz(8)", IsPermGroup, true );; gap> chr:= CHR( s, p, 0, gens_dim12 );; gap> SecondCohomologyDimension( chr ); 0 (The function CHR takes as its arguments a permutation group, the characteristic of the module, a finitely presented group (or zero), and a list of matrices that define the module in the sense that they correspond to the generators of the given permutation group. Note that this condition is satisfied because the generators provided by the Atlas of Group Representations are compatible.)
So it is enough to consider the semidirect product G = 2 12 : Sz(8).
The GAP Character Table Library contains the ordinary character table of G. We check this as follows. By the above cohomology result, the group G is uniquely determined, up to isomorphism, by the group order and the property that G has a minimal normal subgroup N such that G/N is a simple group isomorphic with S. (Since |G|/|S| is a power of two, N is a 2-group. By the minimality condition, N is elementary abelian and the action of S on N affords the desired S-module. Note that the isomorphism type of a finite simple group is determined by its character 2 G/N ∼ = M 22 and |N | = 2
10
The group S = M22 has exactly two irreducible 10-dimensional modules over the field with two elements, up to isomorphism. These modules are in fact absolutely irreducible. A = E(7)+E(7)^2+E(7)^4 = (-1+Sqrt(-7))/2 = b7 gap> List( irr, x -> SizeOfFieldOfDefinition( x, p ) ); [ 2, 2, 2 ]
First we construct the two irreducible 10-dimensional representations of S over F2, again using that the Atlas of Group Representations provides the matrix generators in question. We claim that any extension of S with any of the two given modules splits. Again we see that it is enough to consider semidirect products G = 2 10 : M22, but this time for the two nonisomorphic modules.
The GAP Character Table Library contains the ordinary character tables of the two groups in question. We check this with the same approach as in the previous examples. So we can easily check that in both cases, G has two rational valued irreducibles of the degree 1 155. 3 G/N ∼ = J 2 and |N | = 2
12
The group S = J2 has exactly one irreducible 12-dimensional module over the field with two elements, up to isomorphism. This module can be obtained from any of the two absolutely irreducible 6-dimensional S-modules in characteristic two, by regarding it as a module over the prime field F2. First we construct the irreducible 12-dimensional representation of S over F2, using that the Atlas of Group Representations provides matrix generators for S in the 6-dimensional representation over F4.
gap> info:= OneAtlasGeneratingSetInfo( "J2", Dimension, 6, > Characteristic, p ); rec( charactername := "6a", dim := 6, groupname := "J2", id := "a", identifier := [ "J2", [ "J2G1-f4r6aB0.m1", "J2G1-f4r6aB0.m2" ], 1, 4 ], repname := "J2G1-f4r6aB0", repnr := 16, ring := GF(2^2), size := 604800, standardization := 1, type := "matff" ) gap> gens_dim6:= AtlasGenerators( info ).generators;; gap> b:= Basis( GF(4) );; gap> gens_dim12:= List( gens_dim6, x -> BlownUpMatrix( b, x ) );;
We claim that any extension of S with the given module splits.
gap> s:= AtlasGroup( "J2", IsPermGroup, true );; gap> chr:= CHR( s, p, 0, gens_dim12 );; gap> SecondCohomologyDimension( chr ); 0
Again we see that it is enough to consider a semidirect product G = 2 12 : J2.
The GAP Character Table Library contains the ordinary character table of G. We check this with the same approach as in the previous examples.
gap> iso:= IsomorphismTypeInfoFiniteSimpleGroup( s ); rec( name := "HJ = J(2) = F(5-)", series := "Spor" ) gap> names:= AllCharacterTableNames( Size, 2^12 * Size( s ) );; gap> cand:= List( names, CharacterTable );; gap> cand:= Filtered( cand, > t -> ForAny( ClassPositionsOfMinimalNormalSubgroups( t ), > n -> IsomorphismTypeInfoFiniteSimpleGroup( t / n ) = iso ) ); [ CharacterTable( "2^12:J2" ) ]
So we can easily check that G has two rational valued irreducibles of the degree 1 575. 4 G/N ∼ = J 2 and |N | = 5
14
The group S = J2 has exactly one irreducible 14-dimensional module over the field with 5 elements, up to isomorphism. This module is in fact absolutely irreducible. For that, we use GAP's table of marks of S. The information stored for this table of marks allows us to compute, for each class of subgroups U of S, the numbers of orbits in the dual space of N for which contain the point stabilizers in S are exactly the conjugates of U . The following GAP function takes the table of marks tom of S, a list matgens of matrices that describe the action of the generators of S on the vector space in question, and the size q of its field of scalars. The return value is a record with the components fixed (the vector of numbers of fixed points of the subgroups of S on the dual of N ), decomp (the numbers of orbits with the corresponding point stabilizers), nonzeropos (the positions of subgroups that occur as point stabilizers), and staborders (the list of orders of the subgroups that occur as point stabilizers). We see that S has 8 600 regular orbits on (the dual space of) N .
5 G/N ∼ = J 2 and |N | = 2
28
The group S = J2 has exactly one irreducible 28-dimensional module over the field with two elements, up to isomorphism. This module can be obtained from any of the two absolutely irreducible 14-dimensional S-modules in characteristic two, by regarding it as a module over the prime field F2. We see that S has 235 regular orbits on (the dual space of) N .
6 G/N ∼ = 3 D 4 (2) and |N | = 2
26
The group S = 3 D4(2) has exactly one irreducible 26-dimensional module over the field with two elements, up to isomorphism. This module is in fact absolutely irreducible. 
26 -1 -1 5 5 5 -2 2 2 2 . . . -1 -1 -1 A = 3*E(7)^2+E(7)^3+E(7)^4+3*E(7)^5 B = 3*E(7)+E(7)^2+E(7)^5+3*E(7)^6 C = E(7)+3*E(7)^3+3*E(7)^4+E(7)^6 D = -E(9)^2+E(9)^3-2*E(9)^4-2*E(9)^5+E(9)^6-E(9)^7 E = -E(9)^2+E(9)^3+E(9)^4+E(9)^5+E(9)^6-E(9)^7 F = 2*E(9)^2+E(9)^3+E(9)^4+E(9)^5+E(9)^6+2*E(9)^7 G = E(13)+E(13)^2+E(13)^3+E(13)^5+E(13)^8+E(13)^10+E(13)^11+E(13)^12 H = E(13)+E(13)^4+E(13)^5+E(13)^6+E(13)^7+E(13)^8+E(13)^9+E(13)^12 I = E(13)^2+E(13)^3+E(13)^4+E(13)^6+E(13)^7+E(13)^9+E(13)^10+E(13)^11 J = E(7)^3+E(7)^4 K = E(7)^2+E(7)^5 L = E(7)+E(7)^6
We try the same approach as in the examples about the group J2. Unfortunately, S has no regular orbit on (the dual of) N . However, there is one orbit whose point stabilizer in S is a dihedral group D18 of order 18. Thus there ia a linear character λ of N whose inertia subgroup T = IG(λ) has the structure N.D18. Now Irr(T |λ) can be identified with those irreducibles of T / ker(λ) that restrict nontrivially to N/ ker(λ), and there are only two groups, up to isomorphism, that can occur as T / ker(λ). These two groups are a split and a nonsplit extension of the cyclic group of order 18 with a group of order two that acts by inverting. In other words, these two groups are the direct product of D18 with a cyclic group of order two and the subdirect product of D18 with a cyclic group of order four.
Both groups possess irreducible characters of degree two, one rational valued and the other not, which restrict nontrivially to the centre. A = -E(9)^2-E(9)^4-E(9)^5-E(9)^7 B = E(9)^2+E(9)^7 C = E(9)^4+E(9)^5
By [DNT, Lemma 5.1 (ii)], we are done.
7 G/N ∼ = 3 D 4 (2) and |N | = 3
25
The group S = 3 D4(2) has exactly one irreducible 25-dimensional module over the field with three elements, up to isomorphism. This module is in fact absolutely irreducible. We see that S has 3 551 regular orbits on (the dual space of) N .
